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To probe quantum criticality with scanning tunneling spectroscopy
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We investigate the role of quantum coherence in tunneling conductance, where quantum criticality
turns out to suppress Fano resonance. Based on the nonequilibrium noncrossing approximation,
we show that the linear tunneling conductance exhibits weak Fano line-shape with sharp cusp at
zero energy in the multichannel Kondo effect, resulting from incoherence associated with quantum
criticality of impurity dynamics. In particular, shift of the peak position in the Fano resonance is
predicted not to occur for the multichannel Kondo effect, distinguished from the Fermi liquid theory
in the single channel Kondo effect.
PACS numbers: 71.10.Hf, 68.37.Ef, 75.20.Hr, 75.30.Mb
I. INTRODUCTION
Recently, scanning tunneling microscopy (STM) has
been utilized extensively to probe the electronic struc-
ture of materials with atomic scale spatial resolution. It
was found that formation of the Kondo resonance gives
rise to an asymmetric line-shape in the tunneling conduc-
tance through the STM tip close to a magnetic adatom
on a metallic surface,1–3 the origin of which is an effect of
interference between the direct tip-host tunneling and in-
direct tip-adatom-host one that resembles so called Fano
resonance.4 This Fano-Kondo effect has been discussed
in detail.5–7 A similar Fano-Kondo effect was also inves-
tigated in the electron transport through a quantum dot
embedded in a closed Aharonov-Bohm interferometer.8,9
Mechanism of Fano resonance implies that quantum
coherence of impurity dynamics plays an important role
for the line-shape, where the coherence time scale is esti-
mated as ∼ 1/TK with the Kondo temperature TK . An
interesting question is what happens in the Fano line-
shape if impurity dynamics becomes incoherent. Such
a situation is realized in the multichannel Kondo sys-
tem, where screening of a local moment by conduction
electrons is overcompensated to drive the local Fermi
liquid state into a non-Fermi liquid critical state, first
suggested by Nozieres and Blandin in the multichannel
Kondo model.10
Multichannel Kondo impurity systems have been stud-
ied both experimentally and theoretically with consid-
erable interests. Recently, the multichannel Kondo
model was realized artificially in quantum dots.11 The
multichannel Kondo effect was also claimed to occur
in the quadrupolar Kondo effect12 and in metal point
contacts.13 In the theoretical respect the multichannel
Kondo model has been studied in a variety of controlled
techniques.14 The conformal field theory approach pro-
vides exact results of the non-Fermi liquid fixed point,15
and the noncrossing approximation (NCA), exact in the
limit of large number of spin flavors and charge channels,
also gives practically sensible results,16,17 where univer-
sal power-law scaling is found in physical responses. Such
power-law physics distinguishes the critical non-Fermi
liquid state of the multichannel Kondo impurity from the
local Fermi liquid state of the single-channel Kondo im-
purity.
In this paper we study the Fano-Kondo effect by the
tunneling current which flows from a single-channel STM
tip to a multichannel Kondo impurity host. Instead
of the standard Fano-Kondo resonance in the tunneling
conductance, one may expect different pronounced fea-
tures due to interference between the Fano resonance of
the tunneling current and the overcompensated screen-
ing of an impurity. Employing the Keldysh nonequilib-
rium formalism,18,19 we derive the tunneling current and
its conductance, where the tunneling current solely de-
pends on the Green function of an impurity. We cal-
culate the linear conductance profile analytically at zero
temperature, based on the nonequilibrium NCA20,21 to
obtain nonequilibrium Green functions of the impurity.
A power-law line-shape in the tunneling conductance
clearly shows the overscreening effect of an impurity.
Such an effect of incoherence leads the Fano resonance
suppressed, and its asymmetric feature becomes consid-
erably weak. First of all, shift of the peak position in the
Fano resonance turns out not to occur in the multichan-
nel Kondo effect. These features are argued to be quite
general, distinguishing the non-Fermi liquid phase from
the Fermi-liquid state in STM.
The plan of the present paper is as follows. In Sec. II
we present our model on an STM setup and derivation for
the tunneling current. We introduce the nonequilibrium
NCA in Sec. III. The conductance profile is analyzed at
zero temperature in Sec. IV. Finally, the conclusion is
presented in Sec. V.
II. TUNNELING CONDUCTANCE
A. Model
The system under consideration is shown schematically
in Fig. 1. It consists of a multichannel Kondo impu-
rity host and a single-channel STM tip, placed directly
above the host surface. The multichannel Kondo impu-
2rity host is modelled by a multichannel Anderson model
in the slave-boson representation, which explicitly sepa-
rates spin and channel excitations.16 The STM tip cou-
ples separately to the impurity and to the local conduc-
tion electrons of the host.
The Hamiltonian of the system takes the form
H = Hhost +Htip +Htunn (1)
Hhost =
∑
k,σ,τ
εkc
†
kστckστ + εf
∑
σ
f †σfσ
+Vc
∑
k,σ,τ
f †σbτ¯ckστ + h.c., (2)
Htip =
∑
k,σ
(Ek − eV )a†kσakσ, (3)
Htunn =
∑
k,σ,τ
Va(Rt)f
†
σbτ¯akσ + h.c.
+
∑
k,p,σ,τ
tc(k,R‖)c
†
kστapσ + h.c., (4)
where c†
kστ (akσ) creates host (tip) conduction electrons
with wave vector k, spin σ, and channel τ . The spin
degeneracy is N and the number of channels is M . In
the slave boson representation the impurity creation op-
erator is given by f †σbτ¯ , where fσ is a fermion operator
and bτ¯ is a boson operator. The fermion, f
†
σ, transforms
according to SU(N) and creates a local spin excitation,
whereas the boson bτ¯ transforms according to the conju-
gate representation of SU(M) and annihilates the chan-
nel quantum number of the ”vacuum” state produced
by destroying a conduction electron.16,17 Completeness
of local states at the impurity site is represented by the
constraint
∑
σ f
†
σfσ+
∑
τ¯ b
†
τ¯bτ¯ = 1, implemented as usual
by introducing a Lagrange multiplier λ. εk is the band
dispersion of conduction electrons in the host, and εf is
the energy level of the Kondo impurity or the adatom
at the host surface. Vc is the hybridization parameter of
the impurity and conduction electrons in the host. For
simplicity, Vc is assumed to be constant. Ek is the band
dispersion of tip-conduction electrons, and eV is an ap-
plied voltage bias between the tip and host, which causes
a weak electron current to flow between them. We set
the chemical potential of host conduction electrons as
our reference energy.
Couplings between the impurity and tip-conduction
electrons are represented by the hybridization parame-
ter Va(Rt), where Rt is the tip position. It decays with
a tip-to-impurity separation7
Va(Rt) ≈ Vae−κ|Rt|,
where κ is an effective decay constant evaluated for states
at the Fermi level of the tip. In this paper we consider
|Rt| ≪ 1/κ, thus Va(Rt) is modelled as a constant. Cou-
plings between the tip and host conduction electrons are
represented by tc(k,R‖), where R‖ is a parallel distance
between the tip and impurity. For plane waves of con-
FIG. 1: Scanning tunneling microscope (STM) device with
a tip placed closely to a Kondo impurity on the surface of a
normal metal (host). In the host the impurity is hybridized
with the metal conduction band through coupling Vc. The
STM tip couples to the impurity via hopping Va and to the
local conduction electrons of the host via hopping tc.
duction electrons, we have
tc(k,R‖) = tce
−ikR‖ .
When the tip is placed directly on top of the impurity,
we take t(k,R‖) = tc.
The host Hamiltonian of Eq. (2) is the multichannel
Anderson model. In the case of M = N the impurity
is completely screened to form the Kondo singlet, re-
sulting in the local Fermi liquid. When the number of
channels is larger than the spin degeneracy (M > N),
the impurity is overcompensated to give rise to a non-
Fermi liquid fixed point, which exhibits universal power-
law scaling.15–17 The universal scaling property lies at
the heart of quantum critical phenomena in a number
of materials. In this respect the present study can be
said to probe non-Fermi liquid physics with STM. Un-
fortunately, experimental realization of the multichannel
Anderson model is still problematic. Recently, the two-
channel Kondo effect was realized artificially in quantum
dots.11 If the STM tip is applied to one of the leads, such
non-Fermi liquid physics would be observed.
B. Tunneling current
The electron current flowing between the tip and
host is calculated within the Keldysh nonequilibrium
formalism.18,19 The current from the tip to the host is
given by the time evolution of the occupation number
for the electrons in the tip
Jt→h(t) = e
〈
dNt
dt
〉
= − ie
h¯
〈[
H(t), Nt(t)
]〉
, (5)
3where Nt =
∑
kσ a
†
kσakσ. One can express the current
via nonequilibrium Green functions
Jt→h(t) =
e
h¯
∑
k,σ,τ
V ∗a G
<
dστ,akσ(t, t)
+
e
h¯
∑
k,p,σ,τ
t∗cG
<
cpστ,akσ(t, t) + h.c., (6)
where
G<dστ,akσ(t, t
′) = i
〈
a†kσ(t
′)dστ (t)
〉
, (7)
G<cpστ,akσ(t, t) = i
〈
a†kσ(t
′)cpστ (t)
〉
, (8)
are lesser Green functions. Here we use the notation
dστ = b
†
τ¯fσ.
In the steady state nonequilibrium Green functions de-
pend only on t−t′, and the Fourier transformation results
in
Jt→h =
e
h¯
∑
σ,τ
∫
dω V ∗a G
<
dστ,aσ(ω)
+
e
h¯
∑
σ,τ
∫
dω t∗cG
<
cστ,aσ(ω) + h.c., (9)
where G<dστ,aσ(ω), G
<
cστ,aσ(ω) are the Fourier transfor-
mations of
∑
kG
<
dστ,akσ(t, t
′),
∑
k,pG
<
cpστ,akσ(t, t
′), re-
spectively. These nonequilibrium Green functions can be
expressed via the impurity Green function based on the
equation of motion method. Detailed calculations are
presented in Appendix A.
In a similar way we can calculate a current flowing
from the host to the tip
Jh→t(t) = e
〈
dNc
dt
〉
= − ie
h¯
〈[
H(t), Nc(t)
]〉
(10)
with Nc =
∑
kστ c
†
kστ ckστ , where its detailed expression
is given by Eq. (A13) in Appendix A.
Calling Jh→t = −Jt→h in the steady state, the steady
current can be rewritten in the form
J = yJt→h − (1− y)Jh→t, (11)
where y is an arbitrary number. We choose y such
that the term associated with the lesser Green function
G<dστ,dστ (ω) vanishes in the current formula from Eq.
(A12) and Eq. (A13). As a result, the electron current
flowing between the tip and the host reads
J =
e
h¯
∑
στ
∫
dω
2pi
Ttr(ω)
[
fa(ω)− fc(ω)
]
, (12)
where
Ttr(ω) = T0 +QRReG
R
dστ,dστ (ω) +QIImG
R
dστ,dστ (ω),
(13)
and fa(c)(ω) is the Fermi-Dirac distribution function for
tip (host) conduction electrons. T0 and the coefficients
QR(I) are defined as
T0 =
4γ
(1 +Mγ)2
,
QR = 8
1−Mγ
(1 +Mγ)3
√
γΓaΓc,
QI =
4
(1 +Mγ)3
1
Γs
(Γa + γΓc)(Γc +MγΓa)
− 4(1−Mγ)
(1 +Mγ)4
1
Γs
[
(Γa − γΓc)
(
MγΓa +
Γc
(
(1 +Mγ)(γ(M − 1) + 1)− γ))+
(Γa + γΓc)(Γc − γΓa)
]
− 4(M − 1)γ
(1 +Mγ)4
1
Γs
(Γc + γΓa)(2Γc + (Mγ − 1)Γa),
where Γs = Γa+Γc
(
γ(M −1)+1). Γa(c) = |Va(c)|2piρa(c)
is the coupling strength between the impurity and tip
(host) conduction electrons, and γ = pi2|tc|2ρaρc is a
measure of the strength for the direct tunneling of con-
duction electrons between the tip and the host. ρa(c) is
the density of states for noninteracting tip (host) conduc-
tion electrons at the Fermi level.
The current formula in Eqs. (12) and (13) can be
viewed as a generalization of the Landauer-Bu¨ttiker for-
mula to the STM case,24,25 where Ttr(ω) is the transmis-
sion probability of the electron tunneling. The first term
T0 of the transmission probability is the direct tunnel-
ing between the tip and host, whereas the rest describe
both indirect tunneling of conduction electrons through
the impurity and interference between the two ways of
electron tunneling. For the single-channel case (M = 1)
the current formula in Eq. (12) is reduced to the well-
known formula.9 In this case one may expect γ ≪ 1 due
to weakness of the tip coupling, hence QR never van-
ishes. For the multichannel case γ = 1/M may happen
when the channel numberM is large. In this special case
QR = 0 and interference contributions to the tunneling
current vanish. When γ = 0, i.e., there is no direct tun-
neling between the tip and host, only the last term of the
transmission probability in Eq. (13) appears, associated
with the indirect tunneling of electrons between the tip
and host through the impurity. This contribution is pro-
portional to the density of states (DOS) of the impurity.
In the Kondo regime the impurity is screened by conduc-
tion electrons of the host, and this many-body effect must
reflect in the DOS of the impurity, hence also in the tun-
neling current. In general, the transmission probability
Ttr(ω) is a superposition of the continuous direct tun-
neling, indirect tunneling, and their interferences, giving
rise to the Fano resonance.4
4C. Discussion
The linear conductance is given by
G(ω) =
∂J(ω)
∂eV
∣∣∣∣
eV=0
=
e
h
∑
στ
Ttr(ω) (14)
at zero temperature. In general, the presence of the
STM tip could affect physical properties of the host with
the Kondo impurity. We will discuss this point in Sub-
sec. IVC. However, if couplings of the tip to the host
and impurity are weak, influences of the tip on the host
and impurity are negligible, where the impurity Green
function can be evaluated without couplings of the tip.
The impurity Green function can be written in the
form of the Dyson equation
GRdστ,dστ =
1
ω − εd + iΓc − Σ(ω) , (15)
where Σ(ω) is the retarded self-energy of the impurity
Green function. Considering real and imaginary parts
of the retarded self-energy, Σ(ω) = ΣR(ω) − iΣI(ω), we
obtain the conductance profile in the form of
Ttr(ω) = T0
[Ω(ω) + q(ω)]2 + p(ω)
Ω2(ω) + 1
, (16)
where
Ω(ω) =
ω − εd − ΣR(ω)
Γc +ΣI(ω)
,
q(ω) =
(1 +Mγ)2
8γ
QR
Γc +ΣI(ω)
,
p(ω) = 1− q2(ω)− (1 +Mγ)
2
4γ
QI
Γc +ΣI(ω)
.
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FIG. 2: Conductance profile in the noninteraction case for
various parameters q and p as indicated in the figure.
In the large frequency limit ΣR(ω) → const. and
ΣI(ω) → 0 result, thus we have Ttr(ω) → T0, nothing
but the background profile of the conductance given by
the direct tunneling probability between the tip and host.
The conductance profile in Eq. (16) can be viewed as
a generalized Fano form. In the noninteraction case of
Σ(ω) = 0 we have Ω(ω) = (ω − εd)/Γc, and p(ω), q(ω)
are constants. In this case the Fano resonance results
from the interference effect of a Lorentzian line-shape of
a discrete level with a flat continuous background. The
quantity q is the so called asymmetry parameter of the
Fano line-shape, whereas the quantity p shifts positions
of the maximum and minimum in the Fano line-shape.
In Fig. 2 we present the conductance profile for various
parameters of q and p. It shows the Fano-resonance line-
shape like the Lorentzian one, the width of which is of
order of Γc. For q = 0 the profile line-shape is symmetric,
and its asymmetry becomes obvious as q increases. The
parameter p not only affects the maximum and minimum
positions of the Fano line-shape, but also makes the line-
shape asymmetry clearer. One can expect that when
interactions are included, the conductance profile will be
significantly modified by the impurity self-energy as well
as the Fano resonance.
III. NONEQUILIBRIUM NONCROSSING
APPROXIMATION
The impurity Green function is evaluated within the
nonequilibrium NCA, derived in a similar way as the
equilibrium case.17 We start from an Anderson model
in the slave-boson representation
Seff =
∫ ∫
dtdt′
∑
στ
c†στ (t)[G
0
cστ,cστ (t, t
′)]−1cστ (t
′)
+
∫
dt
∑
σ
f †σ(t)(i∂t − εd − iλ)fσ(t)
+
∫
dt
∑
τ
b†τ¯ (t)(i∂t − iλ)bτ¯ (t) +
∫
dtiλ
+
∫
dtVcf
†
σ(t)bτ¯ (t)cστ (t) + h.c., (17)
where G0cστ,cστ (t, t
′) is the nonequilibrium single-site
noninteracting Green function for host conduction elec-
trons and time integration is performed along the
Keldysh time contour.
Integrating over conduction electron fields and intro-
ducing two bi-local fields Σf (t, t
′) and Σb(t, t
′) conjugate
to
∑
σ f
†
σ(t)fσ(t
′) and
∑
τ b
†
τ¯ (t)bτ¯ (t
′), respectively, the
quartic term in the effective action can be decoupled as
follows
Seff =
∫
dt
∑
σ
f †σ(t)(i∂t − εd − iλ)fσ(t)
+
∫
dt
∑
τ
b†τ¯ (t)(i∂t − iλ)bτ¯ (t) +
∫
dtiλ
5−
∫ ∫
dtdt′Σf (t
′, t)
∑
τ
b†τ¯ (t
′)bτ¯ (t)
−
∫ ∫
dtdt′Σb(t, t
′)
∑
σ
f †σ(t)fσ(t
′)
−
∫ ∫
dtdt′Σb(t, t
′)D−10 (t, t
′)Σf (t
′, t), (18)
where D0(t, t
′) = |Vc|2G0cστ,cστ (t, t′) is the hybridization
function.
The nonequilibrium NCA is the saddle-point approx-
imation of the effective Keldysh action for the bi-local
fields Σf (t, t
′) and Σb(t, t
′). Introducing nonequilib-
rium fermionic and bosonic Green functions as F (t, t′) =
−i〈Tcfσ(t)f †σ(t′)〉 and B(t, t′) = i〈Tcbτ¯ (t)b†τ¯ (t′)〉, we find
the saddle-point equations for the fermionic and bosonic
self-energies
Σf (t, t
′) = iMD0(t, t
′)B(t, t′), (19)
Σb(t, t
′) = −iND0(t′, t)F (t, t′), (20)
where the bi-local fields play the role of self-energies of
the fermionic and bosonic Green functions in the saddle-
point approximation, given by
F−1(t, t′) = δ(t, t′)(i∂t − εd − iλ)− Σf (t, t′), (21)
B−1(t, t′) = δ(t, t′)(i∂t − iλ)− Σb(t, t′). (22)
Variation of the effective action with respect to the La-
grange multiplier λ gives rise to the constraint equation
N〈f †σfσ〉+M〈b†τ¯bτ¯ 〉 = 1. (23)
Using the Langreth’s rule of analytical continuation on
the real time axis,22,23 the self-energy equations (19)-(20)
are
ΣRf (t, t
′) = iM
[(
DR0 (t, t
′) +D<0 (t, t
′)
)
BR(t, t′)
+DR0 (t, t
′)B<(t, t′)
]
, (24)
ΣRb (t, t
′) = −iN[D<0 (t′, t)FR(t, t′)
+DA0 (t
′, t)F<(t, t′)
]
, (25)
Σ<f (t, t
′) = iMD<0 (t, t
′)B<(t, t′), (26)
Σ<b (t, t
′) = −iND>0 (t′, t)F<(t, t′). (27)
In the steady state the Fourier transformation for the
Green functions and their self-energies results in the fol-
lowing nonequilibrium NCA equations
ΣRf (ω) = MΓc
∫
dε
2pi
B<(ε)
+MΓc
∫
dε
pi
fc(ε− ω)BR(ε), (28)
ΣRb (ω) = NΓc
∫
dε
2pi
F<(ε)
+NΓc
∫
dε
pi
fc(ε− ω)FR(ε), (29)
Σ<f (ω) = −M
∫
dε
pi
fc(ω − ε)B<(ε), (30)
Σ<b (ω) = −N
∫
dε
pi
fc(ω − ε)F<(ε), (31)
where we have used explicit expressions for the hybridiza-
tion function
DR0 (ω) = |Vc|2G0Rcστ,cστ (ω) = −iΓc, (32)
D<0 (ω) = |Vc|2G0<cστ,cστ (ω) = 2iΓcfc(ω). (33)
Note that the first terms in Eqs. (28) and (29) are just
constants. They can be absorbed into the Lagrange mul-
tiplier, using the constraint equation (23) and
〈f †σfσ〉 = −i
∫
dε
2pi
F<(ε), (34)
〈b†τ¯ bτ¯ 〉 = i
∫
dε
2pi
B<(ε). (35)
We also used the fact that the Lagrange multiplier takes
a large value at the end of calculations.20,21
The Dyson equations (21)-(22) can be also rewritten
for the retarded and lesser Green functions based on the
Langreth’s rule of analytical continuation
FR(ω) =
1
ω − εd − iλ− ΣRf (ω)
, (36)
BR(ω) =
1
ω − iλ− ΣRb (ω)
, (37)
F<(ω) = FR(ω)Σ<f (ω)F
A(ω), (38)
B<(ω) = BR(ω)Σ<b (ω)B
A(ω). (39)
Finally, the impurity Green function can be calculated
via the fermionic and bosonic Green functions
GRdστ,dστ (ω) = i
∫
dε
2pi
[
F<(ω+ε)BA(ε)+FR(ω+ε)B<(ε)
]
.
(40)
Inserting this impurity Green function into the transmis-
sion coefficient, we find the conductance profile measured
in STM.
The present derivation of nonequilibrium NCA equa-
tions can be viewed as the path integral version for the
projection method,20,21 completely equivalent with each
other. In practice, such NCA equations are first solved
for retarded Green functions, and lesser Green functions
are found with the use of the retarded Green functions.
In the next section we will perform this work.
IV. FANO RESONANCE IN THE
MULTI-CHANNEL KONDO EFFECT
A. Zero temperature solution of the noncrossing
approximation equations
In the linear response regime the host-electron distri-
bution function fc(ω) is given by the standard Fermi-
Dirac distribution function. Then, the NCA equa-
tions (28)-(29) for the retarded Green functions resemble
6the equilibrium NCA equations, solved exactly at zero
temperature.26,27 Eqs. (28)-(29) can be written as the
following differential equations at zero temperature
dΣRf (ω)
dω
=
MΓc
pi
BR(ω), (41)
dΣRb (ω)
dω
=
NΓc
pi
FR(ω), (42)
with the boundary condition ΣRf (−D) = ΣRb (−D) = 0,
where D is the band cutoff.
Solving these NCA equations, one can find
− [FR(ω)]−1 = TKh N
M
[E0 − ω
TK
,
TK
Γc
]
, (43)
where the scaling function hα[x] is given by
x =
∫ hα[x,c]
0
dy
W [yαepiαcy]
1 +W [yαepiαcy]
. (44)
W [x] is the Lambert W function, defined as28
x =W [x] exp(W [x]).
TK = D[MΓc/piD]
M/N exp[piεd/NΓc] is identified with
the Kondo energy scale, below which the multichannel
Kondo effect arises. E0 the ground state energy of the
impurity, below which spectral densities of the fermionic
and bosonic fields vanish at zero temperature.26,27 There-
fore, FR(ω), BR(ω) are real functions below E0. As
shown in this expression, there are two energy scales Γc
and TK for the NCA solution. Detailed derivation can
be found in Appendix B.
Equation (43) shows that the NCA solution obeys the
universal scaling form. Although the scaling function in
Eq. (44) should be computed numerically, its asymptotes
in limits x≪ 1 and x≫ 1 can be found analytically. For
x≪ 1, W [x] = x− x2, thus we obtain the asymptote
hα[x, c] = [(α+ 1)x]
1/(α+1)
[
1− piαc
α+ 2
[(α + 1)x]1/(α+1)
+
2
2α+ 1
[(α+ 1)x]α/(α+1)
]
. (45)
The leading term of the scaling function hα[x, c] shows
the power scaling with an exponent 1/(α + 1), imply-
ing that both the retarded fermionic and bosonic Green
functions exhibit power-law physics near the threshold
energy E0. This corresponds to the overcompensated
regime, where the impurity spin is over-screened by mul-
tichannel conduction electrons.15–17 In the opposite limit
x ≫ 1, we obtain hα[x, c] = x, leading the fermionic
Green function behave like 1/ω. This corresponds to the
free moment regime, where the impurity spin is weakly
bound to screening clouds.
In Fig. 3 we plot the scaling function hα[x, c]. This
NCA solution [Eqs. (B6)-(43)] may be viewed as the
complete solution of the NCA equations at zero tem-
perature for all energy scales below the high-energy cut-
off. It shows that the scaling function hα[x, c] crosses
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FIG. 3: (Color online) Scaling function hα[x, c] with α =
0.5 and various parameters c. The two asymptotes [(α +
1)x]1/(α+1) and x are shown as the solid lines.
from the power scaling regime to the linear behavior as
x increases from zero. The scaling function hα[x, c
∗]
obeys the power law up to x ≈ 1, where c∗ is iden-
tified with a ”crossover” value. On the other hand,
the power law of the scaling function is valid only for
x ≪ 1 when c ≪ c∗. This property implies that there
is a characteristic value of (TK/Γc)
∗, leading the power
scaling to persist until energies comparable to TK . In
the conventional case of TK/Γc ≪ 1 the power scaling
holds only for energies much below TK . In the scaling
regime FR(ω) ∼ (|ω − E0|/TK)M/(N+M) and BR(ω) ∼
(|ω − E0|/TK)N/(N+M) result, obtained previously.26,27
Although such power-law scaling fails to describe Fermi
liquid in T < TK for the single-channel case, it is the un-
derlying physics of the overcompensated screening impu-
rity in the multichannel case, as shown by the conformal
field theory.15
The lesser self-energies obey the following differential
equations
dΣ<f (ω)
dω
=
MΓc
pi
B<(ω), (46)
dΣ<b (ω)
dω
=
NΓc
pi
F<(ω) (47)
at zero temperature. In the scaling regime the lesser
Green functions also display the same power scaling as
the retarded ones, given by26,27
F<(ω) = iA
1
Yf (ω)
, (48)
B<(ω) = −iA 1
Yb(ω)
(49)
with A = 2pi/(N + M). See Appendix B. Based on
Eq. (43) with Eq. (B6) and Eqs. (48), (49), we find the
7final expression for the impurity Green function from
Eq. (40) in the scaling regime
GRdστ,dστ (ω) = G
R
dστ,dστ (0) + ∆Gdστ,dστ (ω), (50)
GRdστ,dστ (0) =
1
N +M
pi
Γc
[ 1
M
− N +M
N
nf −
pi
N +M
cot
( piM
N +M
)
− i pi
N +M
]
,
∆Gdστ,dστ (ω) = i
4pi
(N +M)Γc
sin
( piM
N +M
)
[ M
2N +M
B
( 2N
N +M
,
M
N +M
)(
− N +M
M
ω
TK
) N
N+M
+
piTK
(N + 2M)Γc
B
( N
N +M
,
2M
N +M
)(N +M
M
ω
TK
) M
N+M
]
,
where B(x, y) is the beta function,29 and nf = 〈f †σfσ〉.
The impurity Green function exhibits two power scal-
ings with N/(M +N) and M/(N +M). In the overcom-
pensation case (M > N) the power N/(N +M) scaling
is dominant for ω < TNCA, where TNCA is the crossover
energy when the dominant scaling behavior of the impu-
rity Green function crosses from one power to another,
given by
TNCA = TK
M
N +M
[
M(N + 2M)Γc
(2N +M)piTK
B
(
2N
N+M ,
M
N+M
)
B
(
N
N+M ,
2M
N+M
)
× cos
( piM
N +M
)]N+MM−N
. (51)
B. Conductance profile within the noncrossing
approximation
The impurity Green function Eq. (50) is nonanalytic
at ω = 0, exhibiting an asymmetric and sharp cusp with
power-law scaling around ω = 0. These non-Fermi liq-
uid features are reflected on the conductance profile in
Eq. (16). For comparison, we also calculate the conduc-
tance profile in the Fermi-liquid phase, given by the fol-
lowing self-energy30
ΣFL(ω) = −Γc
[ ω
TK
+ i
1
2
( ω
TK
)2]
. (52)
In Fig. 4 we plot conductance profiles in the sym-
metric case, i.e., εd = −ReΣ(0), within the NCA and
Fermi-liquid theory for various values of γ. It shows that
the conductance profile of the overcompensation multi-
channel Kondo model shows a sharp cusp with power-law
scaling at ω = 0, as expected. This feature is completely
distinguished from the Fermi-liquid theory result, where
the conductance profile exhibits the narrow Fano-Kondo
resonance, the width of which is of order of TK . Note that
the frequency in the x-axis is scaled with TK in Fig. 4,
which is much smaller than the energy scale Γc in the
noninteraction case (Fig. 2).
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FIG. 4: Conductance profile calculated within the NCA (the
solid lines), the marginal Fermi-liquid theory (the dashed
lines), and the Fermi-liquid theory (the doted lines) for vari-
ous values of γ. Other parameters are M = 6, N = 2, Γc = 1,
Γa = 0.01, TK = 0.01, and nf = 0.8.
In the case of γ = 1/M the asymmetry parameter q(ω)
vanishes, thus interference contributions to the conduc-
tance disappear. As we can see in Fig. 4, the Fermi-liquid
conductance profile is symmetric and exhibits only the
Kondo resonance at zero frequency. On the other hand,
the asymmetry parameter q(ω) is finite for γ 6= 1/M ,
and the Fano resonance shifts the peak position away
from zero, giving rise to an asymmetric feature in the
conductance profile within the Fermi-liquid theory. Note
that the asymmetry is more pronounced for larger γ.
In the multichannel case the conductance profile still
exhibits an asymmetric feature even when γ = 1/M .
However, this asymmetry is not due to the Fano reso-
nance, but due to the non-Fermi liquid feature in the den-
sity of states of the overscreened impurity. Although in-
terference contributions to the conductance are finite for
γ 6= 1/M , they cannot shift the peak position away from
zero in the multichannel conductance as in the Fermi
liquid theory, the hallmark of non-Fermi liquid physics
measured in STM. The conductance profile still exhibits
the sharp cusp at ω = 0. This asymmetry is due to both
interference contributions and non-Fermi liquid proper-
8ties of the overscreened impurity. However, interference
contributions are so weak that the Fano resonance is sup-
pressed. This indicates dominance of the non-Fermi liq-
uid overcompensation over the Fano resonance. In the
multichannel case the conductance profile shows weak
dependence on γ, thus the strength of the tip coupling
is not essential to detect the non-Fermi liquid feature in
the tunneling conductance, as far as it does not vanish.
C. Physical origin for suppression of the Fano
resonance
In the Fermi liquid phase one can see Ω(ω) ∼ ω
and q(ω), p(ω) ∼ const as ω → 0 in the tunneling
conductance [Eq. (16)] from Eq. (52), giving rise to
the Fano resonance away from ω = 0. This originates
from quantum coherence of impurity dynamics, which
maintains ΣR(ω) ∼ ω and ΣI(ω) ∼ ω2 as ω → 0.
In the multichannel overcompensation scaling regime
ΣR(ω) ∼ ΣI(ω) ∼ |ω|N/(N+M) results when ω → 0,
which leads Ω(ω) ∼ 1 and the asymmetry factor q(ω) ∼
|ω|−N/(N+M), p(ω) ∼ |ω|−N/(N+M). As a consequence
we find Ttr(ω) ∼ |ω|−2N/(N+M) in ω → 0. The conduc-
tance profile always exhibits its peak at ω = 0 that indi-
cates the peak position does not shift unlike the Fermi-
liquid theory. This can be interpreted as the fact that
quantum coherence of impurity dynamics is lost in the
multichannel scaling regime, hence suppressing the Fano
resonance.
For comparison we also calculate the conductance pro-
file in a marginal Fermi-liquid phase, given by the follow-
ing self-energy ansatz31
ΣMFL(ω) = Γc
[ ω
TK
log
|ω|
TK
− ipi
2
|ω|
TK
]
. (53)
The marginal Fermi-liquid phase can be considered as
an intermediate case which lies between the Fermi-liquid
phase and multichannel overcompensation phase, where
the impurity dynamics maintains weak quantum coher-
ence. In Fig. 4 we also plot the conductance profile in
the marginal Fermi-liquid phase for various values of γ.
It shows that the conductance profile of the marginal
Fermi-liquid theory exhibits a narrow resonance nearby
ω = 0. It resembles to the conductance profile of the
Fermi-liquid theory, except for the position of the Fano
resonance which very closes to ω = 0. The weak quan-
tum coherence in the marginal Fermi-liquid phase can
maintain the Fano resonance, however, weakness of its
quantum coherence cannot significantly shift the peak
position of the Fano resonance away from zero in com-
parison with the Fermi-liquid phase. This feature implies
the important role of quantum coherence of impurity dy-
namics in the mechanism of Fano resonance. When the
impurity dynamics becomes incoherent, the Fano reso-
nance is suppressed.
D. Effect of the tip-host and the tip-impurity
coupling on the M-channel Kondo impurity system
As mentioned in Subsec. II C, the impurity Green func-
tion is evaluated without the tip coupling in the conduc-
tance profile of Eq. (16). In general, the presence of the
tip could affect physical properties of the host with the
Kondo impurity. In this subsection we discuss the effects
of the tip-host and the tip-impurity coupling on the M -
channel Kondo impurity system of the host and impurity.
Although such tip couplings break the SU(M) symmetry
in principle, we argue that the overcompensation Kondo
effect still occurs for weak tip-impurity couplings with
finite tip-host couplings.
1. Effect of the tip-host coupling
First, we consider the effect of the tip-host coupling
only, where the tip-impurity coupling is neglected. We
take the following unitary transformation for conduction
electron fields ckστ and bosonic fields bτ
ckστ =
∑
τ ′
Uττ ′ c˜kστ ′ , (54)
bτ =
∑
τ ′
U
†
ττ ′ b˜τ ′, (55)
where the M ×M unitary matrix U is chosen to satisfy
c˜kσ1 =
∑
τ ckστ/
√
M for diagonalization of the tip to
host coupling term. We rewrite the starting Hamiltonian
Eq. (1) in the above transformed basis and integrate over
tip conduction-electron fields. Then, we find
Seff =
∫
dτ
∑
kστ
c˜†kστ (τ)(∂τ − εk)c˜kστ (τ)
+
∑
σ
f †σ(τ)(∂τ + λ− εf )fσ(τ) +
∑
τ
b˜†τ¯ (τ)(∂τ + λ)b˜τ¯ (τ)
+Vc
∑
kστ
f †σ(τ)b˜τ¯ (τ)c˜kστ (τ) + h.c.
+
∫
dτdτ ′M |tc|2
∑
kk′σ
c˜†
kσ1(τ)ga(τ − τ ′)c˜k′σ1(τ ′),
where ga(τ − τ ′) is the local Green function for tip elec-
trons.
It is clear that the last term in the above effective
action breaks the SU(M) symmetry. Effectively, the
conduction channel c˜kσ1 has an additional contribution
∼ M |tc|2ρa to its normal dispersion, while other con-
duction channels have not. Integrating over conduction
electrons, we obtain
Seff =
∫
dτ
∑
σ
f †σ(τ)(∂τ + λ− εf )fσ(τ) (56)
+
∑
τ
b˜†τ¯ (τ)(∂τ + λ)b˜τ¯ (τ) +
∫
dτdτ ′|Vc|2
9∑
σ
f †σ(τ)b˜1(τ)
{∑
kk′
g
c(1)
kk′ (τ − τ ′)
}
b˜†1(τ
′)fσ(τ
′)
+
∫
dτdτ ′|Vc|2
∑
σ,τ 6=1
f †σ(τ)b˜τ (τ)
{∑
kk′
gckk′ (τ − τ ′)
}
b˜†τ (τ
′)fσ(τ
′), (57)
where [g
c(1)
kk′ (τ−τ ′)]−1 = −(∂τ−εk)δkk′−M |tc|2ga(τ−τ ′)
is the inverse of the electron propagator for the channel
τ = 1 and [gckk′ (τ − τ ′)]−1 = −(∂τ − εk)δkk′ is that for
other M − 1 channels. This SU(M) symmetry breaking
gives rise to anisotropic hybridization couplings. In Ap-
pendix C we prove that Γ
(1)
c = |Vc|2
∑
kk′ |Imgc(1)kk′ (0)| ≤
Γc always happens. This indicates that the channel τ = 1
couples to the impurity weaker than (M − 1) rest chan-
nels. As a consequence, the (M − 1) channel Kondo ef-
fect would occur. For large M , there is no difference
in physics of the overcompensated Kondo effect between
(M − 1) channels and M channels.
2. Effect of the tip-impurity coupling
Now we consider the effect of the tip-impurity cou-
pling only, where the tip-host coupling is neglected. As
performed in the previous subsubsection, we take again
the unitary transformation in Eqs. (54)-(55) for con-
duction electron fields ckστ and bosonic fields bτ , but
now the M ×M unitary matrix U is chosen to satisfy
b˜1 =
∑
τ bτ/
√
M for diagonalization of the tip to impu-
rity coupling term. Then, we find the following effective
action
Seff =
∫
dτ
∑
σ
f †σ(τ)(∂τ + λ− εf )fσ(τ)
+
∑
τ
b˜†τ¯ (τ)(∂τ + λ)b˜τ¯ (τ) +
∫
dτdτ ′
∑
σ
f †σ(τ)b˜1(τ)
(|Vc|2gc(τ − τ ′) +M |Va|2ga(τ − τ ′))b˜†1(τ ′)fσ(τ ′)
+
∫
dτdτ ′|Vc|2
∑
σ,τ 6=1
f †σ(τ)b˜τ (τ)gc(τ − τ ′)b˜†τ (τ ′)fσ(τ ′),
where gc(τ) =
∑
k,k′ g
c
kk′ (τ). This effective action shows
that the tip-impurity coupling breaks the SU(M) sym-
metry. The effective hybridization coupling of the ef-
fective channel τ = 1 is Γc + MΓa, and it is always
larger than the effective hybridization coupling Γc of the
(M − 1) rest channels. As a consequence, the single-
channel Kondo effect would occur. In this case the
system restores the Fermi-liquid behaviors. The NCA
at zero temperature produces spurious non-Fermi liquid
features,26,27 and it is not adequate to describe the physi-
cal properties of the system. In the calculation of the con-
ductance profile the Fermi-liquid self energy in Eq. (52)
must be used, and the Fano-Kondo resonance could ap-
pear.
3. Effect of both the tip-host and tip-impurity couplings
The two previous subsubsections show that the tip-
host coupling allows the overcompensation Kondo effect,
while the tip-impurity coupling drives the system away
from the critical regime. Therefore, we are mainly inter-
ested in the case of a finite tip-host coupling and small
tip-impurity coupling. As the case of finite tip-host cou-
plings, we take the unitary transformation for conduction
electron fields ckστ and bosonic fields bτ in Eqs. (54)-(55)
with c˜kσ1 =
∑
τ ckστ/
√
M . Proceeding in a similar way
as the previous subsubsections, we find the effective ac-
tion
Seff =
∫
dτ
∑
σ
f †σ(τ)(∂τ + λ− εf )fσ(τ)
+
∑
τ
b˜†τ¯ (τ)(∂τ + λ)b˜τ¯ (τ) +
∑
σ,τ 6=1
∫
dτdτ ′|Vc|2
f †σ(τ)b˜τ (τ)gc(τ − τ ′)b˜†τ (τ ′)fσ(τ ′) +
∑
σ
∫
dτdτ ′
{
|Vc|2f †σ(τ)b˜1(τ)gc(1)(τ − τ ′)b˜†1(τ ′)fσ(τ ′) +
f †σ(τ)b0(τ)
[
M |Va|2ga(τ − τ ′) +M2|Va|2|tc|2
∫
dτ1dτ2
ga(τ − τ1)gc(1)(τ1 − τ2)ga(τ2 − τ ′)
]
b†0(τ
′)fσ(τ
′) +
MVcV
∗
a tcf
†
σ(τ)b˜1(τ)
∫
dτ1g
c(1)(τ − τ1)ga(τ1 − τ ′)
b†0(τ
′)fσ(τ
′) +MV ∗c Vat
∗
cf
†
σ(τ)b0(τ)
∫
dτ1ga(τ − τ1)
gc(1)(τ1 − τ ′)b˜†1(τ ′)fσ(τ ′)
}
, (58)
where gc(1)(τ) =
∑
k,k′ g
c(1)
kk′ (τ), and b0 =
∑
τ bτ/
√
M .
In general, b0 is not necessarily equal to b˜1. We can
rewrite b0 = α1b˜1 + α2bˆ, where bˆ is a linear combination
of b˜2, . . . , b˜M . The coefficients α1 and α2 satisfy |α1|2 +
|α2|2 = 1.
In the wide band limit of a constant density of states
for conduction electrons in both the tip and host, the
effective hybridization coupling terms of M channels in
Eq. (58) can be rewritten schematically as follows
f †σ b˜1
(
Γ(1)c + |α1|2Γ(0)a + α∗1Γac + α1Γ∗ac
)
b˜†1fσ
+f †σbˆ|α2|2Γ(0)a bˆ†fσ + f †σ b˜1α∗2Γacbˆ†fσ
+f †σbˆα2Γ
∗
acb˜
†
1fσ +
∑
τ 6=1
f †σ b˜τΓcb˜
†
τfσ, (59)
where
Γ(0)a = M |Va|2|Imga(0)|+M2|Va|2|tc|2|Im[ga(0)2gc(1)(0)]|,
Γac = MVcV
∗
a tc|Im[ga(0)gc(1)(0)]|.
One can show that Γ
(1)
c = Γc/(1+Mγ), Γ
(0)
a =MΓa/(1+
Mγ), and |Γac|2 =M2ΓcΓaγ/(1+Mγ)2. The hybridiza-
tion coupling of (M − 1) channels Γc is expected to dom-
inate over those of the channels b˜1 and bˆ if the following
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conditions are satisfied
Γc > Γ
(1)
c + Γ
(0)
a + 2|Γac|, (60)
Γ(1)c > Γ
(0)
a . (61)
These conditions are equivalent to Γc > MΓa and γΓc >
(3+
√
8)Γa. When the hybridization couplings of (M−1)
channels are relevant, the (M − 1) channel Kondo effect
would occur. For large M , there is again no difference
in physics of the overcompensated Kondo effect between
(M − 1) channels and M channels. However, we admit
that this expectation does not have a firm ground because
there exists complex mixing between channels. In our
opinion this problem should deserve further investigation.
Finally, we would like to mention that our demonstra-
tion is expected to apply to the quantum dot realization
for the multi-channel Kondo effect. If the STM tip lies in
the lead, we would be in weak Γa. Then, the suppression
of the Fano resonance is expected to observe.
V. CONCLUSION
In the present paper we predicted an interesting feature
of non-Fermi liquid physics for the multichannel Kondo
model, based on the STM experimental setting (Fig. 1).
Non-Fermi liquid physics often occurs at the quantum
phase transition, and presents challenges in both theo-
retical and experimental aspects, for instance, quantum
criticality in heavy fermion materials.32 Heavy fermion
materials can be modelled by the Anderson lattice model.
One heavy fermion quantum critical point in the An-
derson lattice model was argued to be captured in the
so called dynamical mean-field theoretical framework,
more concretely, the two impurity Anderson model with
self-consistency, expected to result in essentially similar
physics with the multichannel impurity model.33 As the
first step to understand non-Fermi liquid physics within
the STM detection, we employed the multichannel An-
derson model for one source of the non-Fermi liquid state.
We derived the Landauer-Bu¨ttiker formula for the tun-
neling current from the STM tip to the multichannel im-
purity host based on the Keldysh nonequilibrium formal-
ism, where the tunneling current is given by only the
impurity Green function. Employing the nonequilibrium
NCA, we showed that the impurity Green function ex-
hibits universal power-law scaling at low energies. As
a consequence, the tunneling conductance turns out to
exhibit weak asymmetry but rather sharp cusp at zero
energy, resulting from the power-law scaling of the impu-
rity Green function. The conventional Fano resonance in
Fermi liquids was shown to be suppressed. The main pre-
diction of our study is that the peak position in the Fano-
Kondo resonance does not shift, even increasing the tip
coupling constant, clearly distinguished from the Fermi
liquid theory. Quantum coherence of the impurity dy-
namics turns out to play an important role in the Fano
mechanism.
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Appendix A: Derivation of tunneling current
In Appendix A we derive the tunneling current for-
mula in Eqs. (12) and (13). The lesser Green functions in
Eq. (9) are given by off diagonal components of nonequi-
librium Green functions, defined on the Keldysh time
contour which runs on the time axis from −∞ to∞, and
goes back to −∞,18,19
Gcdστ,akσ(t, t
′) = −i〈Tcdστ (t)a†kσ(t′)〉, (A1)
Gccpστ,akσ(t, t
′) = −i〈Tccpστ (t)a†kσ(t′)〉, (A2)
where Tc is the time ordering operator on the Keldysh
time contour. Differentiating the nonequilibrium Green
functions with respect to t′ and resorting to the Heisen-
berg equation of motion
da†kσ(t
′)
dt′
= − i
h¯
[
H(t′), a†kσ(t
′)
]
,
we obtain the following equations
Gcdστ,akσ(t, t
′) =
∫
dt1 VaG
c
dστ,dστ (t, t1)g
c
ak(t1, t
′)
+
∑
p,τ ′
∫
dt1 tcG
c
dστ,cpστ ′(t, t1)g
c
ak(t1, t
′), (A3)
Gcdστ,cpστ ′(t, t
′) = δττ ′
∫
dt1 VcG
c
dστ,dστ (t, t1)g
c
cp(t1, t
′)
+
∑
k
∫
dt1 t
∗
cG
c
dστ,akσ(t, t1)g
c
cp(t1, t
′), (A4)
where gcak(t, t
′), gcck(t, t
′) are the nonequilibrium Green
functions for the isolated noninteracting conduction elec-
trons in the tip and host, respectively.
Inserting Eq. (A4) into Eq. (A3), we obtain
Gcdστ,aσ(t, t
′) =
∫
dt1 VaG
c
dστ,dστ (t, t1)g
c
a(t1, t
′)
+
∫
dt1
∫
dt2 tcVcG
c
dστ,dστ (t, t1)g
c
c(t1, t2)g
c
a(t2, t
′)
+
∫
dt1
∫
dt2 M |tc|2Gcdστ,aσ(t, t1)gcc(t1, t2)gca(t2, t′),(A5)
where gca(c)(t, t
′) =
∑
k g
c
a(c)k(t, t
′). Using the Langreth’s
rule of analytical continuation on the real time axis,22,23
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we can obtain the retarded (advanced) and lesser (or
greater) Green functions from Eq. (A5)
G
R/A
dστ,aσ = VaG
R/A
dστ,dστ ∗ gR/Aa
+tcVcG
R/A
dστ,dστ ∗ gR/Ac ∗ gR/Aa
+M |tc|2GR/Adστ,aσ ∗ gR/Ac ∗ gR/Aa , (A6)
G<dστ,aσ = Va
(
GRdστ,dστ ∗ g<a +G<dστ,dστ ∗ gAa
)
+tcVc
(
GRdστ,dστ ∗ gRc ∗ g<a +GRdστ,dστ ∗ g<c ∗ gAa
+G<dστ,dστ ∗ gAc ∗ gAa
)
+M |tc|2
(
GRdστ,aσ ∗ gRc ∗ g<a +GRdστ,aσ ∗ g<c ∗ gAa
+G<dστ,aσ ∗ gAc ∗ gAa
)
, (A7)
where the superscripts, R, A, <, denote the retarded, ad-
vanced, lesser Green functions, respectively. For simpli-
fying to write equations, we use the so called ∗ notation,
defined as A(t) ∗B(t′) = ∫ dt1A(t, t1)B(t1, t′).
In the steady state Eqs. (A6)-(A7) are easily solved,
making the Fourier transformation. As a result, we find
G<dστ,aσ(ω) = G
R
dστ,dστ (ω)Z
A(ω)
[
Vag
<
a (ω)+(
tcVc +M |tc|2
)(
gRc (ω)g
<
a (ω) + g
<
c (ω)g
A
a (ω)
)]
+
G<dστ,dστ (ω)Z
A(ω)
[
Vag
A
a (ω) + tcVcg
A
c (ω)g
A
a (ω)
]
,(A8)
where ZR/A(ω) = 1/[1−M |tc|2gR/Ac (ω)gR/Aa (ω)].
Performing in a similar way, we can express the
Green function Gccσ,aσ(t, t
′) =
∑
k,p,τ G
c
ckστ,apσ(t, t
′)
with Gcdσ,aσ(t, t
′) =
∑
τ G
c
dστ,aσ(t, t
′). One can verify
G<cσ,aσ(ω) =MtcZ
R(ω)
[
gRc (ω)g
<
a (ω) + g
<
a (ω)g
A
a (ω)
]
[
1 +M |tc|2ZA(ω)gAc (ω)gAa (ω)
]
+G<dσ,aσ(ω)Z
R(ω)
[
V ∗c g
R
c (ω) +MtcV
∗
a g
R
c (ω)g
R
a (ω)
]
+GAdσ,aσ(ω)Z
R(ω)
[
V ∗c g
<
c (ω) + (g
R
c (ω)g
<
a (ω) +
g<c (ω)g
A
a (ω))(MtcV
∗
a +M |tc|2ZA(ω)
(V ∗c g
A
c +MtcV
∗
a g
A
c (ω)g
A
a (ω))
]
. (A9)
Using Eqs. (A8)-(A9), we can express the steady cur-
rent in Eq. (9) with the nonequilibrium Green functions
of the impurity. For simplicity, we will consider a flat
density of states for the tip and host conduction elec-
trons in the wide band limit, given by
g
R/A
a(c) (ω) = ∓ipiρa(c), (A10)
g<a(c)(ω) = 2piiρa(c)fa(c)(ω), (A11)
where ρa(c) is the density of states for noninteracting
tip (host) conduction electrons at the Fermi level, and
fa(c)(ω) is its Fermi-Dirac distribution function. From
Eqs. (9), (A8), and (A9) we obtain
Jt→h =
e
h¯
∑
στ
∫
dω
2pi
{T0
2
(
fa(ω)− fc(ω)
)
+G<dστ,dστ (ω)Tac1 +G
R
dστ,dστ (ω)2Tac1fc(ω)
+GRdστ,dστ (ω)Tac2
(
fa(ω)− fc(ω)
)
+ h.c.
}
, (A12)
where
T0 =
4γ
(1 +Mγ)2
,
Tac1 = ipiρa
|Va + iVctcpiρc|2
(1 +Mγ)2
,
Tac2 = 2ipiρa
(1−Mγ)(Va − iVctcpiρc)2
(1 +Mγ)3
.
Here γ = pi2|tc|2ρaρc is a measure of the strength for the
direct tunneling of conduction electrons between the tip
and host.
In a similar way we can find a current flowing from the
host to the tip based on Eq. (10),
Jh→t =
e
h¯
∑
στ
∫
dω
2pi
{T0
2
(
fc(ω)− fa(ω)
)
+G<dστ,dστ (ω)Tca1 +G
R
dστ,dστ (ω)2Tca1fa(ω)
+GRdστ,dστ (ω)Tca2
(
fc(ω)− fa(ω)
)
+ h.c.
}
+
e
h¯
(M − 1)γ
1 +Mγ
∑
στ
∫
dω
2pi
{
G<dστ,dστ (ω)(∆Tc +∆Ta)
+2GRdστ,dστ(ω)
[
∆Tcfc(ω) + ∆Tafa(ω)
+∆T (fc(ω)− fa(ω))
]
+ h.c.
}
, (A13)
where
∆Ta = iΓa
1
1 +Mγ
,
∆Tc = iΓc
(
1 +
1
1 +Mγ
)
,
∆T = 2iΓc
1
(1 +Mγ)2
+ iΓa
Mγ − 1
(1 +Mγ)2
.
Tca1, Tca2 are just Tac1, Tac2, changing indices a ↔ c
while the hopping tc is unchanged.
One can notice that the first term of the current Jh→t
in Eq. (A13) is just the current Jt→h in Eq. (A12) if the
tip and host are interchanged with each other. In the sin-
gle channel case (M = 1) the second term of the current
Jh→t in Eq. (A13) vanishes, thus the current formula sat-
isfies the symmetry between the tip and host. However,
in the multichannel case (M > 1) the symmetry is bro-
ken, because host conduction electrons are multichannel,
whereas tip-conduction electrons are single-channel.
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Appendix B: Solution for NCA equations
In Appendix B we derive the NCA solution Eq. (43)
with Eq. (44) and Eqs. (48), (49) from Eqs. (41), (42) and
Eqs. (46), (47), respectively. Introducing inverse Green
functions,26,27
Yf (ω) = −
[
GRf (ω)
]−1
, (B1)
Yb(ω) = −
[
GRb (ω)
]−1
, (B2)
one can rewrite Eqs. (41) and (42) as
dYf (ω)
dω
= −1− MΓc
pi
Y −1b (ω), (B3)
dYb(ω)
dω
= −1− NΓc
pi
Y −1f (ω). (B4)
Then, we find the exact relation between Yf (ω) and Yb(ω)
pi
MΓc
Yb exp
( pi
MΓc
Yb
)
=
( Yf
TK
)N/M
exp
( pi
MΓc
Yf
)
,
(B5)
where TK = D[MΓc/piD]
M/N exp[piεd/NΓc] is the
Kondo energy scale.
Solving Eq. (B5), we obtain
Yb =
MΓc
pi
W
[( Yf
TK
)N/M
exp
( piTK
MΓc
Yf
TK
)]
, (B6)
where W [x] is the Lambert W function, given by x =
W [x] exp(W [x]).28 Inserting Yb in Eq. (B6) into Eq. (B3),
we find the solution given by Eq. (43) with Eq. (44).
Although the NCA equations (46)-(47) for lesser self-
energies are identical to the differential equations (41)-
(42) of retarded self-energies, the Dyson equations (38)-
(39) for the lesser Green functions have a different struc-
ture. Together with the Dyson equations (38)-(39),
Eqs. (46)-(47) can be rewritten as
d[F<(ω)Y 2f (ω)]
dω
=
MΓc
pi
B<(ω), (B7)
d[B<(ω)Y 2b (ω)]
dω
=
NΓc
pi
F<(ω), (B8)
for frequency below E0. Then, we find Eqs. (48) and
(49) as their solution.
Appendix C: Effective channel couplings
In this Appendix we calculate the hybridization cou-
pling of the channel τ = 1 Γc(1) for the effective action
of Eq. (57).
We start from the following matrix identity
(R + xU)−1 = R−1 − x
1 + xS
F, (C1)
where Rij = Riδij is a diagonal matrix, Uij = 1 for all
i, j, x is a number, S =
∑
iR
−1
i , and Fij = R
−1
i R
−1
j .
Taking R = δkk′ (ω − εk) and x = −M |tc|2ga(ω), we find
the inversion of [g
c(1)
kk′ (ω)]
−1,
g
c(1)
kk′ (ω) =
δkk′
ω − εk+
M |tc|2ga(ω)
1−M |tc|2ga(ω)gc(ω)
1
ω − εk
1
ω − εk′ ,
(C2)
where gc(ω) =
∑
k 1/(ω−εk). Performing the summation
of k, k′ we obtain
∑
kk′
g
c(1)
kk′ (ω) = gc(ω) +
M |tc|2ga(ω)
1−M |tc|2ga(ω)gc(ω)
(
gc(ω)
)2
=
gc(ω)
1−M |tc|2ga(ω)gc(ω) . (C3)
In the wide band limit of a constant density of states for
conduction electrons in both the host and tip, Eq. (C3)
results in
Γc(1) =
Γc
1 +Mγ
. (C4)
It also shows Γc(1) ≤ Γc.
We prove the identity Eq. (C1). Consider
(R + xU)−1 =
∞∑
n=0
(−1)nxn(R−1U)nR−1. (C5)
We introduce the following identity
∞∑
n=1
(−1)nxn(R−1U)nR−1 =
−x
[ ∞∑
n=0
(−1)nxn(R−1U)n+1R−1]. (C6)
Since the matrixR is diagonal, we can write its inverse as
(R−1)ij = R˜iδij , where R˜i = 1/Ri. Calling (R
−1
U)ij =
R˜i, where elements in each raw are identical, we find[
(R−1U)n
]
ij
= R˜iS
n−1 (C7)
with S =
∑
i R˜i. Inserting Eq. (C7) into Eq. (C6), we
obtain
∞∑
n=1
(−1)nxn(R−1U)nR−1 = −x[ ∞∑
n=0
(−1)nxnSnF
]
= − x
1 + xS
F, (C8)
where Fij = R˜iR˜j . Resorting to Eqs. (C5) and (C8),
finally, we reach Eq. (C1).
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